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MILLING EXAMPLE

• Introduction
– The Problem: The hold‐ups in grinding mills
• Non‐linear Observability
– Lie derivatives
• Linear Observability
– Eigenvalues and Eigenvectors
• Observers
– EKF
• Simulations

Process Description

• What is required for mill hold‐ups to be observable?

Process Modelling
• Constituents of circuit
– Water: for transporting material.
– Balls: assist with breakage of ore.
– Ore from mine:
• Solids: all ore small enough to pass through discharge screen.
• Rocks: ore too large to pass through discharge screen.

Process Modelling

Process Modelling

• Empirical population balance model for mill

• Empirical population balance model for mill
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Apelt, T. A., Asprey, S. P., Thornhill, N. F., 2002. Inferential measurement of SAG mill parameters II: State
estimation. Minerals Eng. 15, 1043‐1053
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• Measurements at mill
Fractional mill filling [‐]:
Discharge flowrate [m3/h]:
Discharge density [t/m3]:

Hinde, A. L., Kalala, J. T., 2009. The application of a simplified approach to modelling tumbling mills,
stirred media mills and HPGR's. Minerals Eng. 22 (7‐8), 633‐641.
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The dynamical system
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0, the initial state 0
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has full column

⋮

Observability

is state observable if and only if the observability matrix

⋮

The rank of a matrix is defined as
• the maximum number of linearly independent column vectors in the matrix, or
• the maximum number of linearly independent row vectors in the matrix.
The definitions are equivalent. For an
matrix, if is less than , then the maximum
rank of the matrix is . If is greater than , then the maximum rank of the matrix is . The
rank of a matrix would be zero only if the matrix had no non‐zero elements. If a matrix had
even one non‐zero element, its minimum rank would be one.

Controllability

A multi‐input‐multi‐output control‐affine non‐linear state‐space model with dim
can be written as
dim

and

of
The system is said to be locally (weakly) observable at if there exists a neighbourhood
such that for every which is an element of the neighbourhood
⊂
of the
indistinguishability of the states and implies that
. The two states and are said
to be indistinguishable if for every admissible input the output of the system for the initial
state and for the initial state is identical.

A multi‐input‐multi‐output control‐affine non‐linear state‐space model with dim
can be written as
dim

In particular, the system is locally (weakly) controllable at
…
has rank

has dimension

In the linear case, the controllability matrix corresponds to

, then the system is locally (weakly) observable.

In the linear case, the observability codistribution corresponds to the observability matrix
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Hermann, R., Krener, A. J., 1977. Nonlinear controllability and observability. IEEE Trans. Automatic Control AC‐22 (5), 728‐740.
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The system is said to be locally (weakly) controllable at if there exists an input such that any
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of can be driven to any other state
∈
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If the system satisfies the so called observability rank condition, i.e. the observability
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Hermann, R., Krener, A. J., 1977. Nonlinear controllability and observability. IEEE Trans. Automatic Control AC‐22 (5), 728‐740.
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• System description:
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• Rank of codistribution
is 7.
• System is locally weakly observable.

Observability
• System description:

0
0

• Rank of codistribution
is 7.
• System is locally weakly observable.
• Linearised system is not observable! Which states are not observable?
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Observability
Linear System
The dynamical system
,
or the pair , , is said to be state
0, the initial state 0
can be determined from the
observable if for any time
time history of the input
and the output
in the interval 0, . Otherwise the
system, or , , is said to be state unobservable.
Theorem 2:
Let be an eigenvalue of , or equivalently, a mode of the system. The mode
observable if and only if:

is

for all right eigenvectors (including linear combinations) associated with . Otherwise,
the mode is unobservable.
A system is observable only if every mode is observable. In other words, a system is
observable if and only if all the output pole vectors are non‐zero. (The output pole vectors
give an indication to what extent the mode is visible in the output.)

MILLING EXAMPLE

has full column

Observability

Observability

• System description:

• System description:

0

0

0

• Rank of codistribution
is 7.
• System is locally weakly observable.
• Rank of observability matrix of linearized system is 5.

0

• Rank of codistribution
is 7.
• System is locally weakly observable.
• Rank of observability matrix of linearized system is 5.
• Which observer should be used?

Model Reduction

Model Reduction

• Reduced population balance model:

• Reduced population balance model:
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• Empirical population balance model for mill
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• Measurements at mill
Fractional mill filling [‐]:
Discharge flowrate [m3/h]:
Discharge density [t/m3]:
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Derivative of

:

Observability

Observability

• System description:

• System description:
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• Rank of observability matrix of linearized system is 5.
• Linearized system is observable.

Kalman Filters
Luenberger Observer
Let

be our estimate of the true state

If , is an observable pair, the matrix
arbitrarily exponentially fast.

OBSERVERS

and assume

obeys the following dynamics:

may be chosen such that

will converge to
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Kalman Filters

Discrete Kalman Filter
The dynamic system is given by the following equations:

Discrete Kalman Filter
The dynamic system is given by the following equations:

;
The Kalman filter is initialized as follows:

;
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The Kalman filter is initialized as follows:

The Kalman filter is computed for each time step

1,2, …:

Kalman Filters

Kalman Filters

Discrete Extended Kalman Filter
The dynamic system is given by the following equations:
,
,
, ,
~ 0,
;
~ 0,
The Kalman filter is initialized as follows:

Discrete Extended Kalman Filter
The EKF is computed for each time step
1,2, …:
Perform the time update of the state estimate and its error covariance:
,

,0

Perform the measurement update of the state estimate and its error covariance:

Calculate partial derivative matrices:
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Kalman Filters
To read:
• Simon, D. J. Optimal State Estimation. John Wiley and Sons, Inc., 111 River Street,
Hoboken, NJ 07030, United States., 2006.
• Schneider, R. and Georgakis, C. How to not make the extended Kalman filter fail. Ind. Eng.
Chem. Res., 52:3354–3362, 2013.
• Valappil, J. and Georgakis, C. Systematic estimation of state noise statistics for extended
Kalman filters. AIChE Journal, 46(2):292–308, 2000.
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KALMAN FILTERS

Simulation
• Plant simulated with model of
Le Roux et al. (2013).
• Fast sinusoidal excitation of
.
• Slow sinusoidal excitation of
.
• Disturbance in feed size distribution.
• Disturbance in ore hardness.
• Two scenarios:
– No measurement noise or process noise
– Measurement noise ( ) and process noise ( )

Le Roux, J. D., Craig, I. K., Hulbert, D. G., Hinde, A. L., 2013. Analysis and validation of a run‐of‐mine ore grinding mill
circuit model for process control. Minerals Eng. 43‐44, 121‐134.
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Results: Simulation with noise
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Results: Simulation with noise
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Thank you.

QUESTIONS?

